8. cviceni - reSeni

Budeme pouZivat vzorce pro vypocet primitivnich funkei elementarnich funkei: https://www.karlin.mff.cuni.cz/ kur
cova/materialy /PF.pdf.

K primitivnej funkcii samozrejme patri aj definicny obor. Podobne ako pri derivacidch sa moze stat,
ze vysledna funkcia bude mat iny definicny obor ako funkcia, od ktorej hladame primitivnu funkciu.
Samozrejme to treba vySetrit, ale mi to tu nerobime. Defini¢né obory sa nachadzaju vo vysledkoch.

Piiklad 1 (a) [sin?z + cos?zdz = [1dz =z (Pythagorova véta)
Jelikoz 2’ = 1, tak [1dz = .

Piiklad 1 (b) [ 527 + Sde 2 5 [o7de +9 [ 2 2de £ 55 492 = 3,8 9
Jelikoz (z™) =mn - 2™ pron # —1, tak [ a"dx = nilm""’l pron 75 —1.

Piiklad 1 (c) [z + e**dz o fx%dx + [e®dx = % + €2 = %1‘% + Le?

Plati, ze (1625‘)/ = % 2. €% = 2% Tedy skutetné fegxd é e,

2
Piiklad 1 (d) f2sm 3z 4 e + 4dz 2 2 [sin3xdz + [e@dz +4 [1dr = Z2cos3r — e @ + 4z
Opét ziejmé ( 3~ COS 33;) = _72 (—sin3z) - 3 = 2sin 3z. Pak tedy plati, ze [ 28111 3rdr = %2 cos 3.
Piiklad 1 (e) [a5 — Zdz < »";5:1 — o=l 58 4 g

lin

Piiklad 1 (f) [(z+1)2+cosZ+Idz = [2?+2z+1dz+2sinZ+Tlog|z| = f2® + 22+ 2 +2sin £ +
7log |z|

dz = % — arctan

Piiklad 1 (g) [(2—2)! = Lydo = [(z —2)' - L,

Piiklad 1 (h)

3 .
/x +4x+1dxlg.1/x3§dw+;l

< 1 x5+ +2x%+1 122+ B 1x2 +25L‘% _{_1.’13% .
T204 Iy Teglan 2l R
1 7 4 3
= -2+ -x2 +/x
7 3 Ve

Priklad 1 (i) [ \/Ilwdx < arcsin

Priklad 2 (a)
lin

_ . —2. PP _ _
2re Tdx = 2/a:-e e = lu=z,u' =10 = v=—e"| =

= 2(_x€_x) - /1 . (—e_x)d.%' = 2ze T + /e_xd:[j = —Qpe¥ — %

Piiklad 2 (b)
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. PP / / .
/xsmxdx = ‘u:x,u =1,v=—cosz,v =sinz :—xcosx—/l‘(—cosx)dx:

C .
=SINT — T COST

Priklad 2 (c)

1
/(3:1:3 + 2% +1)e3%dx Py =323 422 4 1, =922 + 22,0 = ge?’m,vl = %

1 1
= (3% +2? + 1)~ — 3 /(93:2 + 2x)e3 dx i

3
1 1/1
:(3$3+x2+1)€3x§—

1
22922 49 3x_/1 9132 _
3(3(937—1—96)6 3 (18x + 2)e’*dx

1
u=18z+2,u' =18,v = gegx,vl _ o3

PP

3z 3x 1 1 1
= (3z® + 2% + 1)% - %(9932 +22) + 5 <3(18x +2)e3 — ; /e3xdx> -

3z 3z 3z
c 3 9 e e e 2 1 o3
= (3 1)— — —(9 2 —(18 2)— == =
(m+$+)3 9(:E+$)~|—27($+ —3°3°

21 2 2 2 5
:63x<x3+§+3—x2—9x+3x+27—) <x3—x + x+27>
Piiklad 2 (d)

/excosxde—P }u:cosa;,u':—sinm,v:ex,v':ex‘ —excosx—l—/exsina:da;—

PP . / ‘ .
= |u:smx,u =cosx,v=¢€", v =€ :e:‘cos:v—l—e:”smx—/emcosxdx

Méame:

. C .
/excosxdx—excosac—i—exsmm—/excosxdx = 2/excosardm—ex(smx+cosx)

Plati tedy, ze [ e® coszdz = Le®(sinz + cos )

Priklad 2 (e)

2 2 2
FE) _ ! 1 - X I . T 1 X
/:narctanxdx = |u = arctanz,u —m,v— ?,v =z —2arctanx—2/1+$2dx
2 2
1 1 1
= arctanz — = [1— —dz < x—arctanx—f(x—arctana:)
2 2 1+ 22 2 2

Piiklad 2 (f)

u:9x2+2x,u/:18x+2,v:%63z,v/:e
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/:c2 log zdx P

7U:

1 3 3 1 3 3
u:logaz,u’:—,v::E—,v’:x2 :$logx—/x2dxéxlogx—x
x 3 3 3 3 9
Priklad 2 (g)
2 PP 2 ’ 1 2 3 ,
Vrlog® zdx = |u = log” z,u :2logx~—,v:§x2,v =z
x
1 2
= uzlogx,u'——,v:f:n% !
T 3

2 4
:3\/x3log2a:—3/logw-:céda::
2
VT :§V:L‘3log2:r:— >
16 s

2
<332 logz — - /médq;) =
3
PTas

Priklad 2 (h) [log®z + logz%dx

/log2 ade &

PP

\V)

8
< §Vx3 log? z — §xg log z +

[SURITEN
w

2 o=z,v =1

’ :mlog2x—2:vloga:+2/1dx < zlog?x — 2zlogx + 2z

2
T

uw=log?z,u =2logz—,v =1 = 1’ —:rlogQac—Q/log:de—
x
u=logx,u =

1 /
x
/ log z2dx o

2
u=1logz? u = I

/
2

,2o=z,v =1

1
’ :xlong—Z/xdx < zloga? — 2z
x

/log2x+logm2dfc in. /log2 :de—l—/longdx < zlog?x — 2zlogx + 22 + zlog 2 — 22 =
= zlog?x — zlogz? + zlog2? = zlog? x

Piiklad 2 (i)

/ sin(log 2z)dz T

1
u = sin (log 2x) ,u' = cos (log2z) —, v =z, = 1| =

1
= zsin(log2x) — /w cos (log 2x) dz
x

e

= zsin(log 2x) — z cos (log 2z) — [ xsin (log 2x) ;d:c = zsin(log 2x) — z cos (log 2x) — / sin (log 2z) dz
Méme tedy:

1
u = cos (log 2x) ,u' = —sin (log2z) —,v = x,v’ = 1‘ =
/sin (log2x) dz = xsin(log 2z) — x cos (log 2z) — [ sin(log2z)dr =

cl .
= /sin (log2x) = 5% (sin(log 2x) — cos (log 2x))
Priklad 3(a)
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I, ¢
/(31‘ —2)8dz = |y = 3z — 2,dy = 3dz| = /yﬁdy =

Poznédmka: v substituci mame, ze dy = 3dz. To vzniklo zderivovanim rovnice y = 3x — 2. Ze vztahu
dy = 3dz plyne: dox = %dy, coz se objevuje v integralu po provedeni substituce.

Piiklad 3(b)

1 1 1
/sin(2x+ lde =y =22+ 1,dy = 2dz| = /siny : §dx = —5 8y =5 cos(2z + 1)

Priklad 3(c)

1 1
/(az—kl)Qde_ ly =2+ 1,dy = dz| —/yz_deiarctany—arctan(x—i—l)

Piiklad 3(d)

c 1l -1 1
— _dz=ly= 1,dy = 2zd dy = s — =
/<m2+1> v =ly=o"+1,dy =20do| = / YTy T et

Priklad 3(e)
Vyuzijeme vztahu: (arcsinz) =

1—22"

- et

[ A " -

e 1 1 \f
= —— arcsm = —— arcsm —T
V3 MV ( 8 )

Piiklad 3(f)

-3 -3 3
/3$6_x2d93 =ly=—2%dy= —2dx| = /26ydy < 76?’ = —Qe_xQ

Priklad 3(g)

1
1422

dx

1
/ dz = 'y = arctanz,dy =

_/ Lo -1 1
(1 + 22) arctan® x ) 3 v= 2y2  2arctan®z

Piiklad 3(h)
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% /y+1—1
d =ly=+vz—1,d d —dy =
/1+V o ‘y v ‘ / y+1 Y

‘ 1
:2/1—+dylg' —Q/dy— lz=y+1,dz = dy] :2y—2/dzé2y—210g]z\ =
Y z
=2Vx—1-2log (1 +Vz—
Pozn.: absolutni hodnota neni potieba, neb 1 + vz —1 > 0, je-li vyraz definovan.

Piiklad 3(i)

. s in® . . 2 2
Uvédomme si: tan® z = S22 4 gint = (sm2 :U) = (1 — cos? x) )

cos® x

1-4%)° 1-2y% 4 o/
/tan5xdm: ly = cosz,dy = — sin zdz| :/—(g)dy:/—Wdy:
Yy Y

/ 1 49 1 ld ¢ 1 1 | ‘ | 1 1 log | ’
— — —_ = — — — — 10 = — — 10 COS T
Y vy y 4yt 2 sy 4costz  cos?x &

Priklad 5(a)

1 1 5 1 1
Priklad 5(b)
1 4 4 4 4 4
x3log2xde:P u=1log2z,u' = —,v= w—,v':x?’ = —log2x — | ——dz = —log2x — r
x 4 4 16

Priklad 5(c)

J (1= ) v f o

4 4
- —/:U_deé? T44p1

— 3
xﬁdx:/:vidx—/x;dx:
T

=1

X

Piiklad 5(d)

Nejdiive spoctéme: [ 2redy = ly = —2% dy = —2zdz| = — [eVdy = —e¥ = —e
/x e da —/:c e dw = %1:1;4 W =-2v=e" 0 = (—2%)67902 =
= %13546_“3 —/e @ (=2)z - 2?dx = ‘y— —2% dy = 2xdx‘ ;1‘46_962 —/ey(—y)dy_
lin f2x4e v +/y6ydy = ‘u:y,u =1,v=¢€Y v'—ey| =——zte ™ 4 ye¥ /eydy_
= —%.%’46 T tye¥ —e¥ = — 1$4€712 + (=)™ — e
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